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Abstract
A nonlinear generalized Degasperis-Procesi equation is investigated. The local
well-posedness of a strong solution for the equation in the Sobolev space Hs(R) with
s > 32 is established. The L
1(R) stability is obtained under certain assumptions on the
initial data.
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1 Introduction
Degasperis and Procesi [] investigated a family of third order dispersive nonlinear equa-
tions
ut + αux + γuxxx – βutxx =
(
αu + αux + αuuxx
)
x, ()
where constants αi (i = , , , ), β and γ ∈ R.
Applying the method of asymptotic integrability to Eq. (), it is found in [] that
only three equations satisfy asymptotic integrability conditions: the KdV equation, the
Camassa-Holm (CH) equation and one new equation of the form









which can be transformed to the dispersionless form
ut – utxx + uux = uxuxx + uuxxx, t > ,x ∈ R. ()
Equation () is calledDegasperis-Procesi (DP) equationwhich represents amodel for shal-
low water dynamics, and its asymptotic accuracy is similar to the CH equation.
Here, we set the coeﬃcients of Eq. () γ = –αβ, α = α and β > . The objective of
this work is to study the following nonlinear equation:
ut + αux – β(αuxxx + utxx) = αuux + αuxuxx + αuuxxx. ()
Obviously, DP equation () is the special case of Eq. ().
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Degasperis et al. [] proved the formal integrability of Eq. (), derived the inﬁnite se-
quence of conserved quantities with a bi-Hamiltonian structure and obtained the exis-
tence of the non-smooth solutions by constructing a Lax pair. Lenells [] classiﬁed all
weak traveling wave solutions of Eq. (), while Coclite and Karlsen [] established the
well-posedness of periodic weak solutions for Eq. () and studied their long-time asymp-
totic behavior. It was shown in [] that several numerical schemes were constructed and
proved that they converged to weak solutions of Eq. (). Escher et al. [] discussed several
qualitative properties of the DP equation. The existence and uniqueness of global weak so-
lutions for Eq. () have been established provided that the initial data satisfy appropriate
conditions in [].
In fact, the KdV equation modeling weakly nonlinear unidirectional long waves and the
CH equation modeling the unidirectional shallow water waves have been extensively in-
vestigated (see [–]). For other approaches to study related partial diﬀerential equations,
the reader is referred to [–] and the references therein.
In this paper, assuming that the initial value u(,x) of Eq. () belongs to Hs(R) (s >  ),
we will prove the existence and uniqueness of the local solution for Eq. () in the space
C([,∞);Hs(R)) ∩ C([,∞);Hs–(R)) by using the Kato theorem (see []) and use the
approaches presented in Kruzkov [] to establish the L(R) local stability of the solution
for this nonlinear equation (). From our knowledge, Eq. () has not been discussed in the
literature.
In the following, we will give the conservation law in some case for Eq. () in Section .
The proof of existence for the local strong solution and its stability to Eq. () are given in
Section  and Section , respectively. For simplicity, we let c denote any positive constants.
2 Preliminaries
Applying the operator – = ( – β∂x )– to Eq. (), we have
ut + (α + bu)ux + b–∂xu = , ()
where b = αβ , b = –(α +
α
β ).
Here we consider the Cauchy problem of Eq. ()
{
ut + αux – β(αuxxx + utxx) = αuux + αuxuxx + αuuxxx,
u(,x) = u(x),
()
which is equivalent to the problem
{
ut + (α + bu)ux + b–∂xu = ,
u(,x) = u(x).
()
Lemma . Let y = u – β∂x u and y¯ = ( – β∂x )–u. The solutions of Eq. () in case α =















∣ dξ , ()
where u(x) = u(,x), uˆ(t, ξ ) is the Fourier transform of u(t,x) with respect to x.
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Proof For y = u – β∂x u, y¯ = ( – β∂x )–u, we have
∂y
∂t = ut – β∂x utxx and u = y¯ – βy¯xx.








































This completes the proof of Lemma .. 
3 Existence of the local solution for problem (6)
Firstly, we need to state some notions. Let Hs(R) (where s is a real number) denote the









where hˆ(t, ξ ) =
∫
R e–ixξh(t,x)dx. For T >  and s ≥ , we let C([,∞);Hs(R)) denote the
Fréchet space of all continuous Hs-valued functions on [,T).
We introduce the abstract quasi-linear evolution equation
{
dφ
dt +Q(φ)φ = g(φ), t ≥ ,
φ() = φ.
()
Let X and Y be Hilbert spaces, where Y is continuously and densely embedded in X, and
W : Y → X be a topological isomorphism.Wedeﬁne L(Y ,X) to be the space of all bounded
linear operators from Y to X. We denote L(X,X) by L(X). Note that ρ, ρ, ρ and ρ in
the following depend on max{‖y‖Y ,‖z‖Y }.







X ≤ ρ‖y – z‖X‖w‖Y , y, z,w ∈ Y ,
Q(y) ∈G(X, ,α) (α > ) and uniformly on bounded sets in Y .
(II) WQ(y)W– =Q(y) + Q¯(y), in which Q¯ ∈ L(X) is bounded and uniformly on





X ≤ ρ‖y – z‖X‖w‖Y , y, z ∈ Y ,w ∈ X.




Y ≤ ρ‖y – z‖Y , y, z ∈ Y ,
∥∥g(y) – g(z)
∥∥
X ≤ ρ‖y – z‖X , y, z ∈ Y .
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Kato theorem ([]) Assume that (I), (II) and (III) hold. If φ ∈ Y , there is a maximal
T >  depending only on ‖φ‖Y and a unique solution u to problem () such that




Moreover, the map φ → φ(·,φ) is a continuous map from Y to the space C([,T);Y )∩
C([,T);X).
For problem (), we set Q(u) = (α + bu)∂x, Y =Hs(R), X =Hs–(R), g(u) = –b∂x–u
and W = . Then we will verify that Q(u) and g(u) satisfy conditions (I)-(III). We cite
several conclusions presented in [].
Lemma. The operatorQ(u) = (α+bu)∂x withφ ∈Hs(R) (s >  ) belongs toG(Hs–, ,α).







Hs– ≤ ρ‖u – z‖Hs–‖w‖Hs .
Lemma . For u, z ∈ Hs(R) and w ∈ Hs–(R) (s >  ), it holds that Q¯(u) = [, ( –







Hs– ≤ ρ‖u – z‖Hs‖w‖Hs– .
Lemma . ([]) Let r and q be real numbers such that –r < q ≤ r. Then
‖uu‖Hq ≤ c‖u‖Hr‖u‖Hq if r >  ,
‖uu‖Hr+q–  ≤ c‖u‖Hr‖u‖Hq if r <

 .
Lemma . Let u, z ∈ Hs(R) with s >  and g(u) = –b∂x–u. Then g is bounded on
bounded sets in Hs and satisﬁes
∥∥g(u) – g(z)
∥∥
Hs ≤ ρ‖u – z‖Hs , ()
∥∥g(u) – g(z)
∥∥
Hs– ≤ ρ‖u – z‖Hs– . ()
Proof For s >  , we have ‖u‖L∞ ≤ c‖u‖Hs and ‖u‖Hs– ≤ c‖u‖Hs . Applying the algebra












≤ c∥∥u – z∥∥Hs–
≤ c‖u – z‖Hs–
≤ ρ‖u – z‖Hs ,
which completes the proof of (). Similarly, we get (). 
Now we give the following theorem.
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Theorem . Let u(x) ∈Hs(R) with s >  . There exists T >  depending on ‖u‖Hs(R) such
that problem () or () has a unique solution u(t,x) ∈ C([,T);Hs(R))∩C([,T);Hs–(R)).
Proof Using Lemmas .-. and ., we know that conditions (I), (II) and (III) hold. Ap-
plying the Kato theorem, we ﬁnd that problem () or () has a unique local solution
u = u(t,x) ∈ C([,T);Hs(R)) ∩C([,T);Hs–(R)),
where T >  depends on ‖u‖Hs . 
Remark . Let T >  be described in Theorem .. Using the Sobolev embedding theo-
rem, we ensure the boundedness of solution u(t,x) to problem () in the domain [,T)×R.
Namely, provided that u ∈Hs(R) with s >  , we have ‖u‖L∞(R) ≤MT , whereMT is a pos-
itive constant.
4 L1 Stability of the local solution for problem (6)
Letting f ′(u) = α + bu, 
(t,x,u) = b–∂xu in the ﬁrst equation of (), we get
{




Assume that u(t,x) and u(t,x) are solutions of problem () in the domain [,T)× R
with initial functions u(x) and u(x) ∈Hs(R) (s >  ). Here we give several lemmas.








L∞(R) ≤ cMT ,



























|x–y| dy = β , we complete the proof. 
Lemma . Assume that u(t,x) and u(t,x) are solutions of problem () in the domain











|u – u|dx, ()
where c >  depends on b, β , ‖u‖L∞(R), ‖u‖L∞(R) and T .
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in which we apply the Tonelli theorem to complete the proof. 
We introduce a function δ(σ ) which is inﬁnitely diﬀerential on (–∞, +∞) and δ(σ ) ≥
, δ(σ ) ≡  for |σ | ≥ , ∫ +∞–∞ δ(σ )dσ = . Let δε(σ ) = δ(ε–σ )upslopeε, where ε is an arbitrary
positive constant. It is found that δε(σ ) ∈ C∞ (–∞, +∞) and
{
δε(σ )≥ , δε(σ ) =  for |σ | ≥ ε,
|δε(σ )| ≤ cε ,
∫ +∞
–∞ δε(σ )dσ = .
()
Let the function φ(x) be deﬁned and locally integrable on (–∞, +∞). Set φε(x) to denote

























Since the set of points which are not Lebesgue points of φ(x) has measure zero, we have
φε(x)→ φ(x) as ε →  almost everywhere.










∣∣ ≤ ε,ρ ≤
t + τ












∣∣ ≤ r – ρ
}
,
where r > , ρ > .
Lemma. ([]) Let the function φ(t,x) be bounded andmeasurable in cylinder [,T]×







∣φ(t,x) – φ(τ , y)
∣
∣dt dxdτ dy




Lemma . ([]) If ∂(φ)
∂φ
is bounded, then the function H(φ,φ) = sign(φ – φ)((φ) –
(φ)) satisﬁes the Lipschitz condition in φ and φ.
We state the concept of a characteristic cone. Let T be described in Theorem . and







Let  represent the cone {(t,x) : |x| ≤ R –Nt, ≤ t ≤ T = min(T,RN–)} and Sτ desig-
nate the cross-section of the cone  by the plane t = τ , τ ∈ [,T].




{|u – k|qt + sign(u – k)
[
f (u) – f (k)
]
qx
– sign(u – k)q(t,x)
(t,x,u)
}
dt dx = , ()
where k is an arbitrary constant.
Proof Suppose that F(u) is a twice diﬀerential function. Multiplying the ﬁrst equation of




F ′(u)qut + F ′(u)qf ′(u)ux + F ′(u)q
(t,x,u)
}
dt dx = . ()
The application of the method of integration by parts yields
∫∫
πT
F ′(u)qut dt dx = –
∫∫
πT



































qx dt dx. ()
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Substitute Eqs. () and () into Eq. (). Let Fε(u) be an approximation of the function
F(u) = |u – k|. When ε → , Fε(u)→ F(u), we obtain Eq. (). 
Set function q(t,x) ∈ C∞ (πT ), q(t,x) ≡  outside the cylinder  = {(t,x)} = [ρ,T –
ρ]× Kr–ρ , where Kr–ρ = {|x| : |x| ≤ r – ρ}, r > ,  < ρ < min(T, r). Now we give the
proof of the local stability for problem () or ().
Theorem . Assume that u(t,x) and u(t,x) are two local strong solutions of problem
() or () with initial data u(x), v(x) ∈ L(R)∩Hs(R) (s >  ), respectively. Let T >  be the











where c is a positive constant depending on ‖u‖L∞(R) and ‖u‖L∞(R).
Proof We deﬁne
P(t,x, τ , y) = q











= q(· · · )λε(
...), ()
in which (· · · ) = ( t+τ , x+y ), (
...) = ( t–τ ,
x–y
 ). Thus, we obtain
Pt + Pτ = qt(· · · )λε(
...), Px + Py = qx(· · · )λε(
...).
Using Lemma . and the Kruzkov’s device of doubling the variables [], we get
∫∫∫∫
πT×πT
{∣∣u(t,x) – u(τ , y)
∣∣Pt + sign
(





















{∣∣u(τ , y) – u(t,x)
∣∣Pτ + sign
(
u(τ , y) – u(t,x)
)








u(τ , y) – u(t,x)
)
× 




dt dxdτ dy = . ()













































We note that the ﬁrst two terms of the integrand of () have the form
Gε =G
(




where G satisﬁes the Lipschitz condition in all its variables. Then
∫∫∫∫
πT×πT






t,x, τ , y,u(t,x),u(τ , y)
)





















λε dt dxdτ dy
= A(ε) +A.
As Gε =  outside the region , applying the estimate |λε(
...)| ≤ c













where c is a positive constant independent of ε. Using Lemma ., we know A(ε)→  as
ε → .
For the term A, we substitute t = η, t–τ = μ, x = η,
x–y
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Similarly, the integrand of the third term in () can be represented as
Bε = sign
(













































λε dt dxdτ dy
= A(ε) +A.

































































Take two numbers ρ, τ ∈ (,T) and ρ < τ . In (), we let
q(t,x) =
[
νε(t – ρ) – νε(t – τ )
]
χ (t,x), ε < min(ρ,T – τ ), ()
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in which
χ (t,x) = χθ (t,x) =  – νθ
(|x| +Nt – R + θ
)
, ()
where θ is a small positive constant and χ (t,x) =  outside the cone . When θ → ,
R → +∞, we observe that χθ → . By the deﬁnition of the number N , we have
 = χt +N |χx| ≥ χt +Nχx, (t,x) ∈ .


































νε(t – ρ) – νε(t – τ )
]
l(t)dt ≥ , ()
where c is independent of ε.














































It is seen that




Letting ε → , we derive
K ′(ρ)→ –l(ρ)













l(t)dt as ε → . ()




l(t)dt ≥ l(τ ).





















Finally, we complete the proof of Theorem . by using the Gronwall inequality. 
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